Introduction and statements of the main results
Let P be a pro-p-group, for some prime number p, and let r(P ) be the rank of P , i.e. the cardinality of any minimal system of generators of P as a profinite group. This paper is devoted to the study of P in case r(P ) ∈ N and P is admissible, i.e. (continuously) isomorphic to the Galois group G(E(p)/E) of the maximal p-extension E(p) of a field E (in a separable closure E sep of E). Denote for brevity by r(p) E the rank of G(E(p)/E). It is known that if p = char(E), then G(E(p)/E) is a free pro-p-group (cf. [33] , Ch. II, Proposition 2), so we consider fields of characteristic different from p. Recall that if r(P ) = 1, then P is admissible if and only if it is isomorphic to the additive group Z p of p-adic integers or p = 2 and P is of order 2 (cf. [39] , Theorem 2). Admissible P have been described, up-to isomorphisms, in the special case where r(P ) = 2 and the ground field contains a primitive p-th root of unity (see [24] , page 107, and [17] ). The description relies on the fact that then P is a free pro-p-group or a Demushkin group unless p = 2 and E is a formally real field, in the sense of Artin-Schreier (cf. [38] , Lemma 7, [26] , Ch. XI, Sect. 2, and [32] , Ch. I, 3.3 and 4.5).
In this paper, we focus our attention on the case where r(P ) ≥ 3 and the considered ground fields are endowed with p-Henselian valuation. Our starting point is the following result of local class field theory concerning r(p) F = r, for an arbitrary finite extension F of the field Q p of p-adic numbers of degree N (see [3] and [33] , Ch. II, Theorems 3 and 4):
For convenience of the reader, we recall that an infinite pro-p-group P is said to be a Demushkin group, if the continuous cohomology group homomorphism ϕ h : H 1 (P, F p ) → H 2 (P, F p ) mapping each g ∈ H 1 (P, F p ) into the cup-product h ∪ g is surjective, for every h ∈ H 1 (P, F p ) \ {0}, and the group H 2 (P, F p ) is of order p (throughout this paper, F p denotes a field with p elements). The papers referred to in (1.2) contain a classification, up-to a continuous isomorphism, of Demushkin pro-p-groups of finite ranks, for each prime p. In particular, this classification yields the following:
(1.3) (i) The ranks of finitely-generated Demushkin pro-p-groups are even numbers, provided that p > 2;
(ii) For each pair (d, θ) of positive integers with 2 | d, there exists a Demushkin group P d,θ , such that r(P d,θ ) = d and the reduced component of the (continuous) character group C(P d,θ ) is cyclic of order p θ−1 ; when p > 2 or θ = 2, P d,θ is uniquely determined, up-to an isomorphism; (iii) For any integer d ≥ 2, there are pairwise nonisomorphic Demushkin pro-2-groups D n , n ∈ N, such that r(D n ) = d and the reduced components of C(D n ) are of order 2, for each index n.
As shown by Pop [31] , (2.7), statement (1.2) retains validity, if (F, v) is a Henselian real-valued field with a residue field F of characteristic p, a p-indivisible value group v(F ) and a finite quotient group F * /F * p . These results relate the admissibility problem for Demushkin groups of finite ranks with the open question of whether every admissible Demushkin group P of rank r( P ) ≥ 3 is standardly admissible, i.e. P ∼ = G(F (p)/F ), for some finite extension F/Q p (see [14] , Proposition 8.2). In view of the irreducibility of the p n -th cyclotomic polynomial over Q p , for every n ∈ N (cf. [20] , Ch. 8, Theorem 1), the papers quoted in (1.2) (ii) give the following necessary conditions for standard admissibility of P ; in view of (1.1), (1.2) and (1.3), these conditions are sufficient in case p > 2 (see also [15] , Theorem 7.3):
(1.4) With notations being as in (1.3) (ii), P ∼ = P d,θ , where θ ≥ 2, d ≥ 3 and d − 2 is divisible by (p − 1)p (θ−2) .
These results have been extended by Efrat [13, 14] to the case of pHenselian fields containing a primitive p-th root of unity (see [28] , for an earlier result of this kind concerning the absolute Galois groups of arbitrary Henselian fields). The purpose of this paper is to extend the scope of (1.2) along the lines drawn by Efrat (see [13] , page 216). In order to simplify the description of the obtained results, consider first an arbitrary nontrivially valued field (K, v) . In what follows, O v (K) and K will be the valuation Theorem 1.3. Let E be a field with a nontrivial Krull valuation w. Assume that v is not p-Henselian, G(E(p)/E) is a Demushkin group, r(p) E ∈ N and r(p) E ≥ 3. Then E(p) is included in any Henselization E h(v) ⊆ E sep .
The main results of this paper enable one to show (see Remarks 7.3 and 5.3) that admissible Demushkin pro-p-groups of rank ≥ 3 will be standardly admissible, if the considered ground fields contain primitive p-th roots of unity, and the following open problem has an affirmative solution:
(1.5) Let F be a field, such that r(p) F ≥ 1 and F (p) ⊆ F h(ω) , for each nontrivial Krull valuation ω of F , and suppose that the transcendency degree of F over its prime subfield is finite. Is G(F (p)/F ) a free pro-p-group?
It is known (see [36] , page 265, and [32] , Ch. I, 4.2) that if F is a field with a primitive p-th root of unity, then G(F (p)/F ) is a free pro-p-group if and only if r(p) F ≥ 1 and the p-component Br(F ) p of the Brauer group Br(F ) is trivial. When F (p) = F sep and p = char(F ), the fulfillment of (1.5) implies that Br(F ) = {0} in all presently known cases, since then F turns out to be pseudo algebraically closed, i.e. each geometrically irreducible affine variety defined over F has an F -rational point (see [19] , Theorem 10.17 and Problem 11.5.9, and [33] , Ch. II, 3.1).
The basic notation, terminology and conventions kept in this paper are standard and virtually the same as in [6] . Throughout, P denotes the set of prime numbers, Brauer and value groups are written additively, Galois groups are viewed as profinite with respect to the Krull topology, and by a profinite group homomorphism, we mean a continuous one. For any field E, E * denotes its multiplicative group, E * n = {a n : a ∈ E * }, for each n ∈ N, G E = G(E sep /E) stands for the absolute Galois group of E, and for each p ∈ P, p Br(E) = {b p ∈ Br(E) : pb p = 0} and P (E) = {p ∈ P : E(p) = E}. We denote by s(E) the class of finite-dimensional simple E-algebras, d(E) is the subclass of division algebras from s(E), and for each A ∈ s(E), [A] is the similarity class of A in Br(E). As usual, Br(E ′ /E) denotes the relative Brauer group of an arbitrary field extension E ′ /E. We write ρ E ′ /E for the scalar extension map of Br(E) into Br(E ′ ), and I(E ′ /E) for the set of intermediate fields of
The paper is organized as follows: Section 2 includes preliminaries on Krull valuations used in the sequel. Section 3 contains characterizations of free pro-p-groups and of Demushkin groups of finite ranks in the class of Galois groups of maximal p-extensions. The proof of Theorems 1.1 and 1.2 is divided into three parts presented in Sections 4, 5 and 6. This allows us to determine the structure of G(K(p)/K) by a reduction to the special case where K contains a primitive p-th root of unity (see Remark 6.3). Specifically, it becomes clear (Corollary 6.4) that a pro-p-group P of rank 2 is isomorphic to G(K(p)/K), for some p-Henselian field (K, v), if and only if P is a free pro-p-group or a Demushkin group. Theorem 1.3 is deduced from Theorems 1.1 and 1.2 in Section 7, where we also present a description of the decomposition groups of Demushkin groups of rank 2.
Preliminaries on Henselian Ω-valuations
Let K be a field with a nontrivial valuation v,
the value group and the residue field of (K, v), respectively. For each γ ∈ v(K), γ ≥ 0, we denote by ∇ γ (K) the set {λ ∈ K : v(λ − 1) > γ}. As usual, the completion of K relative to (the topology induced by) v is denoted by K v , and is considered with its valuationv continuously extending v. Whenever v(E) is Archimedean, i.e. it is embeddable as an ordered subgroup in the additive group R of real numbers, we identify v(E) with its isomorphic copy in R. In what follows, Is v (K) denotes the set of isolated subgroups of v(K) different from v(K). It is well-known (cf. [2] , Ch. VI, Sect. 4.3) that each H ∈ Is v (K) is a pure subgroup of v(K), the ordering of v(K) induces canonically on v(K)/H a structure of an ordered group, and one can naturally associate with v and H a valuation v H of K with v H (K) = v(K)/H. Unless specified otherwise, K H will denote the residue field of (K, v H ), η H the natural projection 
We say that the valuation v is Ω-Henselian, for a given normal extension Ω/K, if v is uniquely, up-to an equivalence, extendable to a valuation v L on each L ∈ I(Ω/K). In order that v is Ω-Henselian, it is necessary and sufficient that the Hensel-Rychlik condition holds (cf. [15] , Sect. 18.1): Proof. Suppose first that v H is Ω-Henselian andv H is Ω-Henselian. Fix a monic polynomial f (X) ∈ O v (K)[X], which fully decomposes over Ω and has a simple zero 
is an integrally closed ring, it is now easy to see that α ∈ O v (K) and α − β ∈ M v (K), which proves that v is Ω-Henselian.
Conversely, assume that v is Ω-Henselian, fix a finite field extension
is a chain with respect to set-theoretic inclusion, one can assume without loss of generality that 
A finite extension R of K in Ω is said to be inertial, if R has a unique, up-to an equivalence, valuation v R extending v, the residue field R of (R, v R ) is separable over K, and [R : K] = [ R : K]. When v is Ω-Henselian, these extensions have the following frequently used properties (see [21] , page 135 and Theorems 2.8 and 2.9, for the case where v is Henselian): (2.3) (i) An inertial extension R of K in Ω is Galois if and only if R/ K is Galois. When this holds, G(R/K) and G( R/ K) are canonically isomorphic.
(ii) The set of inertial extensions of K in Ω is closed under the formation of subextensions and finite compositums. The compositum Ω 0 of these extensions is Galois over K with
Proposition 2.2. Let (K, v) be a nontrivially valued field and (K h(v) , σ) a Henselization of (K, v). Then the residue field of (K h(v) , σ H ) is isomorphic to K H , for each H ∈ Is v (K). Moreover, if v(p) ∈ H, for some p ∈ P, then K h(v) contains a primitive p-th root of unity if and only if so does K H . 
Proof. Fix Henselizations (K
and ω H is induced by σ H . It is easily verified that Φ is the residue field of (Φ, ϕ H ) and there exists a valuation φ of Φ, such that φ H = ϕ H andφ H =ṽ H . Moreover, it follows from Proposition 2.1, the definition of Φ and the observation concerning (K v H , ω H ) that (Φ, φ) is a Henselization of (K, v). In view of [15] , Theorem 15.3.5, this proves the former assertion of Proposition 2.2. The rest of our proof relies on the wellknown fact that a field F with a Henselian valuation f contains a primitive p-th root of unity, for a given p ∈ P, p = char( F ), if and only if F contains such a root. When v(p) ∈ H, this applies to (Φ, ϕ H ), so the latter assertion of Proposition 2.2 can be viewed as a consequence of the former one.
The following lemma plays a major role in the study of .4)). For convenience of the reader, we prove the lemma here (referring to [27] , for a much more general result in the case where K is dense in its Henselizations).
Proof. If char(K) = p, then our assertion is an easy consequence of the Artin-Schreier theory, so we assume further that char(K) = p ′ = p. Suppose first that v is of height n ∈ N. When n = 1, our assertion is a special case of Grunwald-Wang's theorem (cf. [27] ). Proceeding by induction on n, we prove the statement of the lemma, under the hypothesis that n ≥ 2 and it holds for valued fields of heights < n. Let H be the maximal group from Is v (K). Then the valuationv H of K H is of height n−1 and, by the inductive hypothesis, F has an inertial lift
then it is an inertial lift of F over K with respect to v as well.
In order to complete the proof of Lemma 2.3 it remains to be seen that it reduces to the special case in which v is of finite height. Let F be the prime subfield of K. Clearly, it suffices to show that one may consider only the case where K/F has finite transcendency degree. Fix a Henselization (
Denote by S the set {η i : i = 1, . . . , p} of zeroes of f (X) in K sep , and by T the set of K h(v) -coordinates of the zeroes η i : i = 2, . . . , p, with respect to the
Let S ′ and T ′ be the sets of coefficients of the minimal (monic) polynomials over K of the elements of Y f and T , respectively, and let Λ 0 be the extension of F generated by the union
∩ Λ, and ψ and ψ ′ are the valuations induced by σ on Φ and Φ ′ , respectively. It is easily verified that the polynomial g(
and the root field F 0 , over Φ, of its reduced polynomialĝ modulo M ψ (Φ) is a cyclic extension of Φ of degree p. Observing that ψ is of height ≤ 1 + d, where d is the transcendency degree of Φ/F, one concludes that F 0 has an inertial lift F 0 ∈ I(Φ(p)/Φ) over Φ. Sinceĝ remains irreducible over K, the compositum F = F 0 K is an inertial lift of F over K, so Lemma 2.3 is proved.
When (K, v) is a p-Henselian field, for a given p ∈ P, (2.3) and Lemma 2.3, combined with Galois theory and the subnormality of proper subgroups of finite p-groups (cf. [26] , Ch. I, Sect. 6), imply the following assertions:
Statements (2.4) and the following assertion reduce the study of a number of algebraic properties of maximal p-extensions of p-Henselian fields to the special case of Henselian ground fields:
, and equals the compositum of inertial extensions of
Statement (2.5) is implied by (2.4) and the fact that (K
In the sequel, we will also need the following characterization of finite extensions of
, Ch. VI, Sect. 8.2, and [21] , page 135):
For example, when char(K) = 0, K is finite, char( K) = p and the minimal group G(K) ∈ Is v (K) containing v(p) is cyclic, (2.6) allows us to determine the structure of G(K(p)/K) in accordance with (1.1) and (1.2). As noted in the Introduction, the concluding result of this Section enables one to prove that admissible pro-p-groups are isomorphic to decomposition groups; this result can be deduced from Galois theory and the main result of [28] :
is divisible and finite extensions of R in K sep are inertial.
Free pro-p-groups and Demushkin groups in the class of Galois groups of maximal p-extensions
The purpose of this Section is to characterize the groups pointed out in its title. Our argument relies on the following two lemmas.
Lemma 3.1. Let A be an abelian torsion p-group, µ a positive integer dividing p − 1, ϕ an automorphism of A of order µ, and ε µ a primitive µ-th root of unity in the ring Z p of p-adic integers. Then ϕ and the mapping ϕ u → ε u µ , u = 0, . . . , µ − 1, induce canonically on A a structure of a Z pmodule. This module decomposes into a direct sum A = ⊕ µ−1 u=0 A u , where
Proof. The scalar multiplication Z p ×A → A is uniquely defined by the group operation in A and the rule z.a = 0 : a ∈ A, p k a = 0, z ∈ p k Z p . For each n ∈ N, denote by s n the integer satisfying the conditions ε µ − s n ∈ p n Z p and 0 ≤ s n ≤ p n − 1. It is easily seen that ε u µ a = s n a whenever a ∈ A, n ∈ N and p n a = 0. Note also that the element a u = µ−1
, this implies that the Z psubmodule of A generated by the elements a u , u = 0, . . . , µ − 1, contains ϕ u ′ −1 (a), for u ′ = 0, . . . , µ − 1, which completes the proof of Lemma 3.1.
Lemma 3.2. Let E be a field with r(p) E ∈ N, for some p ∈ P (E), p = char(E), and let L be an extension of E in E(p) of degree p. Assume that ε is a primitive p-th root of unity in E sep , ϕ is a generator of G(E(ε)/E), and E ε = {a ∈ E(ε) * : ϕ(a)a −s ∈ E(ε) * p }, where s is an integer satisfying the equality
extending ϕ, and l is an integer with 0 < l ≤ p − 1 and sl ≡ 1(mod p). It is easily verified that
. This proves Lemma 3.2 (i). Lemma 3.2 (iii) is implied by Lemma 3.2 (ii), so we turn to the proof of Lemma 3.2 (ii). It is easily obtained from Kummer theory and [39] , Theorem 2, that t = 0 if and only if p = 2, E is a Pythagorean field (i.e. formally real with E * 2 closed under addition) and L = E( √ −1). When this holds, it can be deduced from Hilbert's Theorem 90 (cf. [26] , Ch. VIII, Sect. 6) that L * = K * L * 2 and L * 2 ∩ K * = K * 2 ∪ −1.K * 2 . This implies that r(2) L = r(2) E − 1, as claimed by Lemma 3.2. Henceforth, we assume that t > 0. Suppose first that r(p) E = 1. Then it follows from [39] , Theorem 2, that G(E(p)/E) ∼ = Z p unless p = 2 and E is Pythagorean with a unique ordering (i.e. with E * = E * 2 ∪ −1.E * 2 ). This, combined with Albert's theorem (cf. [1] , Ch. IX, Sect. 6) or [6] , Lemma 3.5, proves our assertion. Henceforth, we assume that r(p) E ≥ 2. It follows from Kummer theory and Albert's theorem that E ε /E(ε) * p has dimension r(p) E as an F p -vector space. More precisely, it is easily verified that there exist a 1 , . . . , a r(p) E ∈ E ε , such that the cosets a j E(ε) * p , j = 1, . . . , r(p) E , form a basis of E ε /E(ε) * p and the following conditions hold:
, for j = 2, . . . , (p − 1). Using repeatedly Hilbert's Theorem 90 (as in the proof of implication (cc)→(c) of [6] , (5.3)), one concludes that L ε /L(ε) * p contains as an F p -basis the following set S of cosets:
(ii) When p = 2 and
, and a u L(ε) * 2 , u >t. Note finally that, by [1] , Ch. IX, Theorem 6, and Kummer theory, r(p) L equals the dimension of L ε /L(ε) * p as an F p -vector space. This implies that the indext in (3.1) is equal to t in cases (i) and (iii) of (3.2), and in case (3.2) (ii),t = t + 1. Therefore, Lemma 3.2 (ii) can be deduced from (3.2). Corollary 3.3. Let E be a field with r(p) E ∈ N, for some p ∈ P (E). Then G(E(p)/E) is a free pro-p-group if and only if r(p
Proof. This follows from Lemma 3.2 (iii), Galois theory and the characterization of free pro-p-groups of finite rank by the indices of their open subgroups (cf. [32] , Ch. I, 4.2).
Assume that E is a field with r(p) E ≤ ∞, for some p ∈ P (E), p = char(E), take ε, ϕ, s and l as in Lemma 3.2, and put m = [E(ε) : E]. In view of Lemma 3.1, then the action of G(E(ε)/E) on E(ε) canonically induces on E(ε), E(ε) * and Br(E(ε)) p structures of modules over the group ring Z[G(E(ε)/E)]. Note further that the Z p -submodules Br(E(ε)) p,j j = 0, . . . , m − 1, of Br(E(ε)) p are Z[G(E(ε)/E)]-submodules too. Denote by Y any of the groups E(ε) * /E(ε) * p , p Br(E(ε)) and H p (E(ε)) = Br(E(p)(ε)/E(ε)) ∩ p Br(E(ε)). The preceding observations show that Y can be viewed in a natural manner as a module over the group ring F p [G(E(ε)/E)], which satisfies the following: In view of the Merkur'ev-Suslin theorem [29] 
It is easily obtained from Kummer theory and elementary properties of cyclic E(ε)-algebras (cf. [26] , Ch. VIII, Sect. 6, and [30] 
Denote for brevity H p (E(ε)) 1 by H p,1 (E). Using (3.4) and (3.5) (see also [30] , Sect. 15.1, Proposition b, and for more details, [9] , Sect. 3), one concludes that G(E(p)/E) is a free pro-p-group if and only if any of the following three equivalent conditions holds:
It is known that the class of Demushkin groups is closed under taking open subgroups (see, e.g., [32] , Ch. I, 4.5). Our next result characterizes Demushkin groups among finitely-generated Galois groups of maximal pextensions (for a proof, see [9] ); characterizations of Demushkin groups in the class of finitely generated one-relator pro-p-groups can be found in [12] . Proposition 3.4. Let E be a field such that r(p) E ∈ N, for some p ∈ P (E), p = char(E), and let ε be a primitive p-th root of unity in E sep . Then the following conditions are equivalent:
Note that the implication (i)→(iv) in Proposition 3.4 follows from [22] , Proposition 5.4, Galois theory and the fact that every Demushkin group P is of cohomological dimension cd(P ) = 2 (cf. [32] , Ch. I, 4.5).
Remark 3.5. Let P 1 and P 2 be pro-p-groups, for a given p ∈ P, such that
, where m j is an integer ≥ 0 and Φ j is a free pro-pgroup with r(Φ j ) ≥ 2 or a Demushkin group with r(Φ j ) ≥ 3, for each index j. It follows from (1.1), Corollary 3.3 and Proposition 3.4 (iii) that if R j is a closed proper subgroup of Φ j and r(R j ) = 2, then the index of R j in Φ j is infinite. Hence, by [23] , Theorem 2 (ii), R j is a free pro-p-group. This, combined with Corollary 3.3 and Galois cohomology (see [32] , Ch. I, 4.1), implies that if A j ≤ Φ j , A j = {0} and A j is abelian and closed in Φ j , then A j ∼ = Z p . Since the set of closed normal subgroups of Φ j is closed under taking centralizers, and the automorphism group Aut(Z p ) is isomorphic to the direct sum Z/(p − 1)Z ⊕ Z p , it is also clear that A j is not normal in Φ j . These observations indicate that if P 1 ∼ = P 2 , then Φ 1 ∼ = Φ 2 and m 1 = m 2 .
Proofs of Theorems 1.1 and 1.2 in the case of v(K) = G(K)
The main purpose of this Section is to prove Theorems 1.1 and 1.2 in the special case where v(K) = G(K) = pv(K). Let (K, v) be a p-Henselian field with char( K) = p. First we show that K is perfect, provided that r(p) K ∈ N. This result is presented by the following lemma (proved in [31] , (2.7), and [13] , Proposition 3.1, under heavier assumptions like the one that the group K * /K * p is finite). This lemma does not require that v(K) = pv(K).
Proof. Let F be the prime subfield of K, B a basis of the field K p = {û p :û ∈ K} as a vector space over F, and B a (full) system of preimages of the elements of B in O v (K). The condition on K guarantees that B is infinite. Suppose first that char(K) = p, put ρ(K) = {α p − α : α ∈ K}, denote by F the prime subfield of K, and fix a nonzero element π ∈ M v (K). Clearly, the natural homomorphism of O v (K) upon K induces an isomorphism F ∼ = F. Note also that ρ(K) is an additive subgroup of K, and by the ArtinSchreier theorem (cf. [26] , Ch. VIII, Sect. 6), the group K/ρ(K) can be canonically viewed as an F-vector space of dimension r(p) K . It follows from the p-Henselian property of K and the Artin-Schreier theorem that, for each a ∈ O v (K) with v(a) = 0 and a residue classâ / ∈ K p , the root field Λ a of the polynomial X p − X − π −p a is a cyclic extension of K, such that [Λ a : K] = [ Λ a : K] = p and Λ a / K is purely inseparable. This implies that the cosets abπ −p + ρ(K), b ∈ B, are linearly independent over F, which proves Lemma 4.1 in case char(K) = p.
Assume now that char(K) = 0, ε is a primitive p-th root of unity in K sep , and [K(ε) : K] = m. Our first objective is to obtain the following reduction: 
and applying (2.1) and Proposition 2.1, one sees that our considerations further reduce to the special case where G(K) = v(K). In this case, it is easily deduced from Zorn's lemma that Is v (E) has a maximal element Ω with respect to set-theoretic inclusion. Observing that char(K Ω ) = p, one obtains from (2.1) that K is perfect, provided that K Ω is of the same kind. Thus it turns out that it is sufficient to prove Lemma 4.1 in the special case where v(K) is Archimedean. Using the Grunwald-Wang theorem, one arrives at the conclusion that every cyclic extension
In view of Galois theory, the subnormality of proper subgroups of finite p-groups, and the p-Henselian property of v, this implies that
. Therefore, one may assume for the proof of Lemma 4.1 that K = K v . As v(K) ≤ R, this ensures that v is Henselian (see, e.g., [26] , Ch. XII), which yields (4.1).
It remains for us to prove Lemma 4.1 in the case pointed out by (4.1).
∈ K, these calculations show that h a and g a are irreducible over K(ε), whence ρ(a) / ∈ K(ε) * p . In view of the definition of B, they also lead to the following conclusion:
2) The co-sets ρ(ab)K(ε) * p , b ∈ B, are linearly independent over F p .
Hence, by Albert's theorem, the extension
a . Furthermore, it follows from (4.2) that the fields L ab , b ∈ B, are pairwise distinct, so the equality r(p) K = ∞ becomes an immediate consequence of Galois theory. Lemma 4.1 is proved.
Remark 4.2. Suppose that (K, v) is a valued field with char(K) = p and v(K) = pv(K), ρ(K) = {α p − α : α ∈ K}, and π p is an element of K * , such that v(π p ) > 0 and v(π p ) / ∈ pv(K). Clearly, the co-sets π −(1+pν) p + ρ(K), ν ∈ N, are linearly independent over the prime subfield of K. Therefore, K/ρ(K) is infinite, so it follows from the Artin-Schreier theorem and Galois theory that r(p) K = ∞ and the polynomials f n (X) = X p − X − π −(1+pn) p , n ∈ N, are irreducible over K. It also turns out that the root field L n ∈ I(K sep /K) of f n is a totally ramified extension of K in K(p) of degree p, for each index n, and L n ′ = L n ′′ , n ′ = n ′′ .
The main result of this Section is contained in the following lemma. Proof. Suppose first that v(E) is Archimedean. Using Grunwald-Wang's theorem as in the proof of (4.1), one obtains that
, which reduces our considerations to the special case where v is Henselian. Then the latter assertion of the lemma and the sufficiency part of the former one follow from (2.6), (1.1) and (1.2). We show that r(p) K = ∞, provided v(K) is noncyclic or K is infinite. Our argument relies on the fact that, in the former case, pv(K) is a dense subgroup of v(K). Fix a primitive p-th root of unity ε ∈ K sep , and take m, ϕ, s and l as in Lemma 3.2. Consider the sequenceα n = m−1 i=0 ϕ i (1 + (ε − 1)α n ) l i , n ∈ N, satisfying the following:
is a system of representatives in O v (K) of a subset of K, which is linearly independent over the prime subfield of K;
(ii) If v(p) ∈ pv(K) and K is infinite, then α n = π −1 α ′ n , for each n ∈ N, where π ∈ K is chosen so that 0 < v(π) ≤ p −1 v(p) and v(π) / ∈ pv(K), and the sequence α ′ n , n ∈ N, is defined as α n , n ∈ N, in case (i);
It follows from (4.3) thatα n ∈ K ε , v K(ε) (α n ) = 0 and v K(ε) (α n − 1) / ∈ pv(K(ε)), for each n ∈ N. Furthermore, (4.3) ensures that the co-sets α n K(ε) * p , n ∈ N, are linearly independent over F p . These observations, combined with Albert's theorem and Ostrowski's theorem, prove that K admits infinitely many totally ramified extensions of degree p (in K(p)). Hence, by Galois theory, r(p) K = ∞, as claimed.
It remains to be proved that v(K) is Archimedean, provided r(p) K ∈ N. The equality v(K) = G(K) means that v(p) / ∈ H, for any H ∈ Is v (K). This implies that Is v (K) satisfies the conditions of Zorn's lemma, whence it contains a minimal element, say, H, with respect to inclusion. We prove that v H (K) = pv H (K) by assuming the opposite. As v H (K) = v(K)/H and v(K) = pv(K), this requires that H = pH. Observing also that char(K H ) = p, one obtains from Proposition 2.1 and Remark 4.2 that I(K H (p)/K H ) has a subset { K n : n ∈ N} of totally ramified extensions of K H (relative tô v H ) of degree p. By (2.4) (i), the inertial lifts K n of K n , n ∈ N, over K relative to v H , form an infinite subset of I(K(p)/K). In view of Galois theory, however, our conclusion contradicts the assumption that r(p) K ∈ N, so it follows that H = pH and v H (K) = pv H (K). It remains to be seen that H = {0}. Suppose that H = {0}. Thenv H must be nontrivial, which implies that K H is infinite. Since v H is p-Henselian, char(K H ) = p and v H (K) ≤ R, this leads, by the already proved special case of Lemma 4.3, to the conclusion that r(p) K = ∞. The obtained results shows that H = {0}, i.e. v(K) is Archimedean, which completes our proof.
p-divisible value groups
In this Section we prove Theorem 1.1 (i) in the case where v(K) = pv(K). The corresponding result can be stated as follows:
Proposition 5.1. Let (K, v) be a p-Henselian field, such that char( K) = p and v(K) = pv(K). Suppose further that p ∈ P (K) and r(p) K ∈ N. Then K is perfect and G(K(p)/K) is a free pro-p-group.
Proposition 5.1 generalizes [13] , Proposition 3.4, which covers the case where K contains a primitive p-th root of unity. Note that the assumption on r(p) K is essential. Indeed, it follows from [37] , Theorem 4.1, and Ostrowski's theorem that there exists a Henselian field (F, w), such that char( F ) = p, F is algebraically closed, F contains a primitive p-th root of unity, and [36] , page 265, this means that G(F (p)/F ) is not a free pro-p-group (see [33] , Ch. I, 4.2).
Proof of Proposition 5.1. As noted in the Introduction, it is known that G(E(p)/E) is a free pro-p-group, for every field E of characteristic p. Therefore, one may assume for the proof that char(K) = 0, whence the prime subfield of K may be identified with the field Q of rational numbers. First we show that our proof reduces to the special case where v(K) is Archimedean. Observe that H = pH and v H (K) = pv H (K), for each H ∈ Is v (K). This follows from the equality v(K) = pv(K) and the fact that H is a pure subgroup of v(K). Hence, by Ostrowski's theorem, finite extensions of K in K(p) are inertial relative to G(K). It is therefore clear from (2.3) (ii) that
. Thus the proof of Proposition 5.1 reduces to the special case of v(K) = G(K). This implies that v(K) = H(K), where H(K) is defined as in (2.1) (iii), so the preceding observations indicate that it suffices for our proof to consider the special case in which v(K) is Archimedean. Applying now the Grunwald-Wang theorem (repeatedly, as in the proof of Lemma 4.3), one obtains that
, which allows us to assume further that v is Henselian and v(K) ≤ R.
For the rest of the proof, fix ε, ϕ, s and K ε as in Lemma 3.2, take m and l as in its proof, and put v ′ = v K(ε) . The following statement is easily deduced from Albert's theorem, (2.6) and the p-Henselian property of v:
In particular, this holds when v ′ (θ − 1) > r and r ∈ v(K) is sufficiently large.
Since K is perfect, v(K) is Archimedean and v(K) = pv(K), one deduces the following statement from the density of
Our objective is to specify (5.2) as follows: 
). This, combined with (2.2), (5.1) and (5.4), shows that 
It follows from the choice of d and π that there exist b 1 , . . . , bl ∈ K(ε) satisfying the following conditions, for every index ν:
More precisely, one can find elementsb 1 , . . . ,bl ∈ ∇ 0 (K(ε)) so thatb
ν (π p a µ ) µ , for each index ν, the obtained result and the choice of the sequence a ν , ν = 1, . . . ,l, enables one to deduce from basic linear algebra that there existπ 1 , . . . ,πl ∈ K(ε), for Suppose finally that K is of order ≤l. Then K has an inertial extension K n in K(p) of degree p n , for each n ∈ N. As K is perfect and v(K) = pv(K), K * = K * p n ∇ 0 (K), which implies N (K n /K) = K * . When n is sufficiently large, K n contains more thanl elements, so one can apply (5.3) (i) to K n (ε) and the prolongation of v Kn on K n (ε). Since char( K) = p, K is a nonreal field, by [25] , Theorem 3.16, so it follows from Galois theory and [39] , Theorem 2, that G(K(p)/K) is a torsion-free group. In view of Galois cohomology (see [34] and [33] , Ch. I, 4.2), these observations show that (5.3) (i) holds in general, which completes the proof of Proposition 5.1.
Corollary 5.2. Let (K, v) be a p-Henselian field, for a given p ∈ P, and suppose that v(K) = pv(K), G(K(p)/K) is a Demushkin group and r(p) K ≥ 3. Then p = char( K).
is not a free pro-p-group (cf. [33] , Ch. I, 4.2 and 4.5), our conclusion follows from Proposition 5.1. 
Proof. It is clear from the p-Henselity of v that if F/K is inertial, then F/K has a primitive element ξ, such that v(ξ) = v(ψ(ξ) − ξ) = 0. Since K is perfect and v(K) = pv(K), this allows us to assume further that F/K is immediate. Then our assertion is deduced by the method of proving [31] , (2.7), and [9] , (3.1) (see also [13] , Lemma 3.3).
p-Henselian valuations with p-indivisible value groups
The purpose of this Section is to complete the proofs of Theorems 1.1 and 1.2. As a major step in this direction, we prove the following lemma.
Lemma 6.1. Let (K, v) be a p-Henselian field with char( K) = p and v(K) = pv(K), for a given p ∈ P, and let ε ∈ K sep be a primitive p-th root of unity. Then:
is a topological group product of isomorphic copies of Z p , indexed by a set of cardinality
Proof. Suppose that [K(ε) : K] = m, take σ as in (2.5) and ϕ, s, l as in Lemma 3.2, and denote by U the compositum of the inertial extensions of
At the same time, by (2.5), U.K h(v) equals the compositum of the inertial extensions of
In the rest of the proof, we assume that ε ∈ K h(v) . Suppose first that K(ε) embeds in K v over K. Fix a prolongation v ′ of v on K(ε), and put v j = v ′ • ϕ j−1 , for j = 1, . . . , m. Then the valuations v 1 , . . . , v m are independent, so it follows from the Approximation Theorem (cf. [2] , Ch. VI, Sect. 7.2) that, for each γ ∈ v(K) \ pv(K), there exists α γ ∈ K(ε) of values v 1 (α γ ) = γ and v j (α γ ) = 0, 1 < j ≤ m. Putα γ = m−1 i=0 ϕ i (α γ ) l i and denote by Kα the extension of K(ε) generated by the p-th roots ofα in K sep . It is easily verified thatα γ ∈ K ε and v 1 (α γ ) = γ. Hence, by applying to Kα Ostrowski's theorem and Albert's theorem, one obtains the following result:
As char( K) = p, it is clear from (2.4), (6.1) and Ostrowski's theorem that every extension of
. Proceeding by induction on n, using (6.1), and arguing as in the proof of (2.4), one proves that 
depends only on the subgroup of v(K)/pv(K) generated by the coset of γ. Fix a minimal system of generators V p of v(K)/pv(K) and a full system W p of representatives of the elements of V p in v(K). The preceding observations show that every extension of U K h(v) in K h(v) (p) of degree p is included in the compositum of the fields U γ , γ ∈ W p . Note further that, for each γ ∈ W p , U γ is generated over U K h(v) by a p-th root of an element u γ ∈ U K h(v) of value γ. Since char( K) = p and ε ∈ K h(v) , it also follows that U K h(v) contains a primitive p n -th root of unity, for each n ∈ N. In view of Kummer theory, this leads to the conclusion that there exists an abelian extension Z of U K h(v) in K h(v) (p) with σ(Z) = pσ(Z). Since Z does not admit inertial proper extensions in K h(v) (p), the obtained result, the inequality char( K) = p and Ostrowski's theorem imply that Z = K h(v) (p) and so prove the following:
}, partially ordered by inclusion, satisfies the conditions of Zorn's lemma, whence it possesses a maximal element T . In view of (6.1), σ(T ) = pσ(T ), so it follows from Ostrowski's theorem and the inequality char( K) = p that U T = K h(v) (p). Hence, by Galois theory and the equality
This, combined with (6.2) and the isomorphism
Assume finally that ε ∈ K h(v) and ∆(v) = v(K), put δ =v ∆(v) , and denote for brevity by K the Henselization of K ∆(v) relative to δ G(K) . It is clear from the definition of ∆(v) that ε / ∈ K h(v ∆(v) ) . In view of (2.5) with its proof, and of [5] , Lemma 1.1 (a), this ensures that
. At the same time, it follows from the definition of ∆(v) that each Henselization of K ∆(v) relative tov ∆(v) contains a primitive p-th root of unity. Hence, by Proposition 2.2, K contains such a root as well. Note also that, by (2.1) (i), K is isomorphic to the residue field of (K ∆(v) ,v ∆(v) ). These observations, combined with (6.2), indicate that Our next result extends the scope of [38] , Lemma 7, as follows:
Corollary 6.4. For a pro-p-group P of rank 2, the following conditions are equivalent:
(i) P is a free pro-p-group or a Demushkin group; (ii) There exists a p-Henselian field (K, v) with char( K) = p and G(K(p)/K) ∼ = P .
Proof. Suppose first that P satisfies (ii) . Then, by Remark 6.3, K can be chosen so as to contain a primitive p-th root of unity. Hence, by [38] , Lemma 7, P satisfies (i) in case p > 2, so we assume further that p = 2 and P is not a free pro-2-group. In view of Galois cohomology, this means that Br(K) 2 = {0}, and by Proposition 3.4, it suffices to show that, for each quadratic extension L/K, N (L/K) is of index 2 in K * . As r(P ) = 2 and K * 2 ⊆ N (L/K), this amounts to proving that N (L/K) contains an element a L ∈ K * \K * 2 . When √ −1 ∈ K, the assertion follows from Kummer theory. Assume now that −1 / ∈ K * 2 and M = K( √ −1). Observing that, by [25] , Theorem 3.16, and the equality char( K) = 2, K is nonreal, one obtains from [39] , Theorem 2, and Galois theory that G(K(p)/K) is torsion-free. Hence, by Galois cohomology [33] , G(K(p)/M ) is not a free pro-2-group, so our argument proves that G(K(2)/M ) is Demushkin. It is therefore clear from [32] , Ch. I, 4.5, that G(K(2)/K) is also a Demushkin group, so (ii)→(i).
We prove that (i)→ (ii) . In view of (1.1) and (1.2), applied to F = Q p , p > 2, one may consider only the case where P is a Demushkin group. Let ω be the canonical discrete valuation of Q p , I p the compositum of the inertial extensions of Q p in Q p (p) relative to ω, Γ ′ p the extension of I p generated by the primitive roots of unity in Q p,sep of p-primary degrees, and Γ p the Z p -extension of I p in Γ ′ p . Clearly, Γ ′ p /I p is abelian, and it follows from (1.1) and Galois theory that r(p) Ip = ∞. Note also that ω Ip is discrete and finite extensions of I p in Γ ′ p are totally ramified relative to ω Ip . Fix a field R ∈ I(Γ ′ p /I p ) so that G(Γ ′ p /R) is a procyclic pro-p-group and put ∆ R = {R ′ ∈ I(Q p,sep /R) : R ′ ∩ Γ ′ p = R}. It is clear from the definition 20 of R that it contains a primitive p-th root of unity ε p , and it follows from Galois theory that r(p) R = ∞ and G(Γ ′ p /R) ∼ = G(Γ ′ p R ′ /R ′ ), for each R ′ ∈ ∆ R . Since R is nonreal, this enables one to deduce from Zorn's lemma, Galois theory and [39] , Theorem 2, that there exists R p ∈ ∆ R , such that G(Q p,sep /R p ) ∼ = Z p . As r(p) R = ∞, this implies that R p contains as a subfield an infinite extension of I p (ε). Hence, by the noted properties of ω Ip , Q p,sep /R p is immediate relative to ω Rp . Let now ω(R p ) = H and K be a Laurent formal power series field in one indeterminate over R p . It is easy to see that then K has a Henselian valuation v extending ω Rp , such that H ∈ Is v (K), v(K)/H ∼ = Z and K H ∼ = R p . This, combined with Lemma 6.1 and the fact that ε p ∈ R p , shows that G(K(p)/K) is a Demushkin group and r(p) K = 2. Observing finally that R can be chosen so that G(K(p)/K) ∼ = P (cf. [24] ), one obtains that (i)→(ii), which completes our proof.
The method of proving Theorems 1.1 and 1.2 has the following application to the study of ramification properties of p-extensions of p-Henselian fields. Lemma 3.2 (i), the density of E in Φ and the Approximation Theorem that if L ∈ I(E(p)/E), [L : E] ∈ N and α ∈ E ε , then there is θ ∈ L ε , such that w(−1 + N L(ε) E(ε) (θ)α −1 ) > 0, for each prolongationw of w on E(ε). In view of the p-Henselity of w ′ , the equality char( E) = 0 and Ostrowski's theorem, this ensures that N L(ε) E(ε) (θ)α −1 ∈ E ′ (ε) * p . These observations, combined with the fact that N (E n+1 (ε)/E n (ε)) ∩ E n,ε = E n (ε) * p , for every n ∈ N, enable one to prove by induction on n that E n,ε ⊆ E ′ (ε) * p , whence E n ⊆ E ′ , for every index n. As E(p) = ∪ ∞ n=1 E n , this means that E ′ = E(p), as claimed.
